Chapter 6 THE DENSITY MATRIX & PRODUCT OPERATORS
The system at the beginning of the experiment:  W(0) = "¢;(0)u;

At the end of the NMR experiment: W(t) =) elt)u

Regardless of the change in the coefficients, it is possible to calculate the expectation
value of any observable. For example, the signal detected in the real channel of the receiver,

S,. is given by: <S> = <US,|U> Zc ) < w;|Sylu; >

However, in most NMR experiments, the detected sugnal arises from an ensemble of N spins,
therefore, the average expectation value of S, is the actual observable:

<S> = ZZ t) < ui|Szlu; >

This ensemble average can be obtained in one of two ways. The first method involves
calculating the evolution of all Nwavefunctions through the experiment and then averaging
over all Nspins. This procedure is very tedious. The second method use density matrix
approach, which is more concise and manipulatable.

The density matrix is a matrix whose elements contain information on the average
probability of all possible states of the ensemble. Instead of following the evolution of
the different wavefunctions through the experiment, the evolution of the density matrix
is followed. At the end of the experiment, the average expectation values are obtained
from the final density matrix. The close correspondence between the wavefunction

and the density matrix is illustrated below:
U, 5 9wl -Sw I W) S@) =< WSV (t) >
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6.1 Introduction to the Density Matrix
The information on the ensemble average of a system is contained in the ensemble
average of the pairwise products of the coefficient that are associated with the basis

vectors, for example: 5= - ZZ 0 <wlSelu; > = .0 () < wilSaluy >

Therefore, if we specified ‘rhe value of: ¢l (t)c;(t) forjall possible values of i and j,
then the properties of the system are completely determined. The density matrix, p,
consists of all such products.

The mth, nth element of the density matrix (omn) for an arbitrary, time-dependent,
wavefunction is obtained as follows:

prmn(t) =< um[th(t) >< Y(t)|un > =< um[¥(t) > ¢, (t) = cm(t)cy(2)
cicy €165
coC] €2 Cj] (6.7)

The matrix elements of the density matrix, as defined by Eq. 6.6 are of the same form
as the matrix elements of an operator. Hence the density matrix is an operator, and will be
transformed by rotations with the same rules as any other operator: o = RpRT

For a system with two basis vectors the density matrix is: p = {

6.1.1 Calculation of Expectation Values From o
The expectation value for an observable:

A = <yPlAp > = Z < cpuk|Alcpup, > = Zcpcz < ug|Alu, >
k,p
kZ:Ppk < uk‘A"up > — Z < uplplug >< up|Aluy > prp pp
D

= Trace[pA]| (The trace of a ‘matrix is simply the sum of its dlagonal elements)
=> IF we know the density matrix of the system at anytime we can easily calculate the
expectation values of an operator from that density matrix. E.g. The signal detected for the
real dat channel would be: M, = Trace(pS,)




6.1.2 Density Matrix for a Statistical Mixture

For the case of a single isolated spin, representation of the system by either its
wavefunction or density matrix are essentially equivalent and equally tedious. However, if
there is a statistical mixture of states, such as the large number of molecules in a typical
NMR sample, the density matrix is much more convenient. For an ensemble of spins, the total
state of the system is given by: v — ZP“ )

k=0

where p, is the statistical probability of finding a spin in a particular state. p, is the fraction
of the kth mixed state or sub-system in the sample, and y, corresponds to the wavefunction
for that sub-system. Each y, is a linear combination of the basis functions: ;. = Z chu,
where ¢*;are the normal quantum mechanical probabilities associated with i
finding the wavefunction in the ith state. The expectation value of any operator, A, for the
kth sub-system is: A =< | Ay, >

The average value of this observable for the entire system is the expectation value
associated with a particular state, multiplied by the statistical probability of that particular

state. A= PrAL
Z Aj, = Trace (pF A) Zp” ji

The expectation value of '|'ho system in the kt'sub-state is:
Therefor'e the average expec‘ra‘rlon value over the entire ensemble of sub- sTa’res is:

Zp;,TldCe prA) ZPA an jii = ZZPH{;;& Jj
Jj ok

Z pjjAj; = Trace|pA]

The impor"r‘ém‘r result is that the average expectation value can be obtained from the
average density matrix in exactly the same fashion as the expectation value of a single spin
was obtained from its density matrix (see Eq. 6.9).



As an example consider the wavefunction for a spin that is oriented at an angle 8 and ¢ in

i : 0 6’
polar coordinates U = c()s(z) /2 (Ut1/2 > +sm(2) “/2\’11‘_1/2 >

The density matrix for this state is: o cos?(0/2) cos(0/2)sin(0/2)e
P~ lcos(0/2)sin(6/2)eti¢ sin?(0/2)
The expectation value for S, is: < S, >= Trace(pS,)
g _ cos?(6/2) cos(0/2)sin(6/2)e="*| h [0 1
PRz = cos(0/2)sin(60/2)et? sin?(0/2) 211 0
h (:05(9/2)91’71 (0/2)e="® cos?(0/2)
T2 sin?(0/2) cos(0/2)sin(0/2)e™'®
: : h 0 .6 6 .0
< S, > = Trace(pS,) = B {(oqzsmz e 4 mszsmz o
h 0 0 [el® e t@ h g 0 ,.
= —2¢08=8in— |——| = = 2cos=sin—coso
2 2 2 2 2 2 2
If the spin is oriented such that its magnetic moment is along the x-axis, then 8 = 90, and
= 0. The expectation value of S, is then . Ao 1 1 I gsexpected:
SR L P
T2 V2 2

Calculation of the expectation value of S, for this example yields <Sy >= 0.



6.2 One-pulse Experiment: Density Matrix Description

Figure 0.2 Density matrix description

— of the one-pulse experiment. The top

part of the figure shows the classical de-
scription of a one-pulse NMR experi-

P90, ment. The density matrix p, defines
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YV YV VYV vy y ) pUIse.
l | il lil Yy p2(t) defines the time evolution of the
p{) I:'1 Polt system during detection of the free in-
duction decay.

The density matrix that describes an ensemble of spins at thermal equilibrium, or p,, is
required. This density matrix should reflect the fact that the average value of < S, > and <
S, > are zero, and it should also reflect the population difference between the ground and

the excited state at thermal equilibrium.

The population difference at thermal equilibrium is given by the Boltzmann distribution:
o—E/kT

Using the Boltzmann distribution as an opZer'a’ror' gives the desired form of the density

matrix. A single element of the density matrix is: e~ H/kT
pon =< Up| ———un >

And the entire density matrix is: 4

) - 1 [<ug|e M uy > <ugle™ 5 |uy > 1 [ BT < oyyfuy > e B2/MT < yqfuy >
7 |< UQ\e_H/kT\ul > < ’UJQ\E_H/kT\’UQ > Z e PR cuglug > e BRT < uplug >

1[(251/"»"1" 0 ] B 1 {leh%/%T 0 ]

Z 0 o—Ea /KT E 0 e—hwo/QkT



Expanding the exponential as a series and taking only the first term (e # 1 + a) we find:

1 [1++~ 0 11 o0 lw, |1 0 ,
P‘E[ 0 l—’j-‘—'_Z[[] 1‘+§E§[G —1] (6.28)

Where ~ = hw,/2kT.

One can see that this matrix is composed of the unit matrix plus S,. Since the unit
matrix has no effect on any of the common observables we can ignore it 1. Furthermore,
since we are only interested in the changes in the amplitudes and the time evolution of the
individual elements of the density matrix, we can also ignore constants. Therefore, the
density operator for a system under thermal equilibrium can be written:

hl1 0

To simplify the calculations even further, can be removed from the expression using the
following representation of angular momentum operators: Thus, p, is equal to the matrix I,.

_ S 110 1 Sy L0 —i S, 11 o ,
Il’_f_ﬁ[l []] Iy—f—i[i O‘ Ig—€_§|:0 _1‘ (6.30)

6.2.1 Effect of Pulses on the Density matrix

p/ — RQRT — e—%Ppe?,P ) 1 - 1
oy —ip _ | cos(3) —isin(<)e” " R |3 Al L [1 Z]
Ry(a) = e = [isz’n(é)e“ﬁ 608(2%) z(m/2) = % 73 |- 1

The density matrix after this pulse is given by:

N 1 —i]1 1 0] 1 1 i 1 0 i
e Ry Y E (PR RO



If we calculate the expectation value of S,, S, and S, for this density matrix, we

find:
<Sx>=0;, <S,>=-1; <S5,>=0 (6.34)

Note that the of f-diagonal elements of the density matrix after the pulse are clearly
non-zero. This implies that the ensemble average of this element of the density matrix is
non-zero. Therefore, after the pulse, the distribution of the spins about the z-axis is no
longer random - a preferred direction of the spins has been induced by the pulse.
Specifically, the ensemble of spins has become coherent, with each spin having the same
value of ¢ (compare to Eq. 6.24).

6.2.1.1 Free Precession: Time evolution of the Density Matrix
The time evolution of any wavefunction is defined by the evolution operator:

Y(t) = e H/AP0) = e™sT=1 () -
Comparing this equation to the rotation operator for z-rotations: R.(a)=e "% ¢

shows that the evolution of the spins under free precession is equivalent to rotation of the
system about the z-axis with a rotation angle equal o w.t. The time evolution of the density
matrix formed after the 90-x pulse is: ), (¢) = +wsﬂzp p—iwstls

Conversion of e“S'T, to its matrix form is simple since the basis vectors are eigenvalues
of Iz. Therefore, we can directly write: etiwst/2 0
0 e—iwst;’?

(1) = etiwst/ 0 0 i][ e iwst/? o | 0 jetivwst
pit) = 0 p—iwst/2 —7 0 0 eTiwst/2| — —jeTiwst 0

1
2
[ ! ifcos(wst) + -fsmtwsr)]]

b | =

(Dﬁl\wtﬂl —?‘%”?{wg‘f” 0



B 0 t cos(wst) 1 __ '
| —icos(wst) 0 ] * l —sin(wst) 0 9 [—1ycos(wst) — Losin(wst)]

This density matrix represents a spin precessing clockwise in the x-y plane at an angular
velocity of w,, beginning from the minus y-axis.

6.2.1.2 Detection of the Signal
Quadrature detection of the FID is defined as measuring I* = I, +iL,. In matrix

0 —sz'n(wst)] . 1

notation I* is: N , 1Jfo 1] 4[0 —i 0 1
! :II+ZI%‘:§[1 0] EL' 0]: !0 0]
The expectation value of I*is given by the trace of I*p (ignoring constants):
0 1 0 i etiwst [ [-ieist 0 _ i —iwgt
< It > = Trace ([0 O] [—z’ —iwst 0 ]) = Trace (l 0 0]) = e

The Fourier transform of this function will give a dispersion lineshape found at wS. This
result is completely consistent with a classical description of the effect of a 90- pulse
applied along the x-axis, and detection such that the real channel is defined to be along the
x-axis and the imaginary channel along the y-axis.



6.3 Product Operators

From the above analysis of a one-pulse experiment we see that it is possible to write p as a
matrix that is proportional o one, or more, angular momentum operators:

* The initial density matrix, p,, is proportional to S,.

* The density matrix after the pulse, p;, is proportional o S,.

* The density matrix during detection is given by a combination of S, and S,.

This representation of the density matrix also provide a good deal of intuition to the
quantum mechanical description of the system. For example, prior to the pulse, the bulk
magnetization is aligned along the z-axis. After the 90- pulse on the x-axis, the
magnetization is along the y-axis. During detection, the bulk magnetization will precess in the
transverse plane. However, such representation can be quite cumbersome.

The use of Cartesian angular momentum operators o represent the density matrix is
referred fo as the product operator notation. The origin of this name will become apparent
when two coupled spins are analyzed, as products of angular momentum operators will be
required to describe the density matrix.

(Ref: O.W. Sorensen, 6.W. Eich, M.H. Levitt, 6. Bodenhausen, and R.R. Ernst. Product
operator-formalism for the description of NMR pulse experiments. Progress in Nuclear
Magnetic Resonance Spectroscopy, 16:163-192, 1983.)

For a single isolated spin, it is possible to represent any density matrix using a
linear combination of the following four operators: ~1, I,, I, T,
where™1 is the identity operator.

Although the use of product operators provides a very convenient and concise algebraic
representation of the density matrix, keep in mind that the various angular
momentum operators simply represent the density matrix.



6.3.1 Transformation Properties of Product Operators

Since the density matrix can be represented by angular momentum operators, the effects

n-F hnlc‘oc‘ nnAd fFreoo hnofac‘c' inn nn +the Aps nc‘|+\ mnatriyv can lhe Aetermined hy o\lnlnn+ nn +the
puicco Gnld jrec pi ecession ocn Tne ger Jlly Mmatrix can oe gererminea vy € uullly 1 RAL S

effect of rotations on the angular momentum operators. In this context, pulses are
represented by rotations about the x- or y-axis with a rotational angle equal to the flip angle
of the pulse (p). Similarly, free precession is represented by a rotation about the z-axis with
an angle wt. The evolution of the density matrix due to rotations about the x-, y-, or z-axis
are given in Table 6.1 and illustrated in Fig. 6.3.

These rotations follow the right-hand rule. In general, rotation of a product operator
about an orthogonal axis gives the original product operator times cosp plus the other
orthogonal product operator, times sinp. For example, a z-rotation applied o p = I,
generates the following: I, R- () Icosf + I, sing

These transformation laws are exactly as one would predict from the classical description
of the system. For example, a 45- pulse applied along the y-axis would leave the bulk
magnetic moment half-way between the z- and x-axis with a observed magnetic moment in
the z-direction of cos(45-) and the observed magnetic moment in the x-axis of sin(45°).

Chemical shift x—pulse y—-pulse
Figure 6.3 Evolution of single-spin product . I, L,
operators. A graphical representation of the Q ~
effect of chemical shift evolution (rotation _1\%—1\ -IJB I,
about the z-axis) and pulses on the single-spin '
density matrix isshown. 1D Ly




Table 6.1. Transformation of product operators for a single spin. Excitation pulses are
represented as rotations about the x-axis (R,) or the y-axis (R,), with a flip angle of p.
Evolution of the sys’rem under the static magnehc fleld Bo, is represen’red by a rotation
UDOUl |r|6 Z- U)(Ib U'( ), Wlln an over Ull fOIUHOH UHQIC OT WI J.H UII cases,ar l9ﬂ| HUHUCU
rotation is used. The actual direction of evolution can be either clockwise or counter-
clockwise, depending on the sign of v.

Po R. R, R.
I. I, I.cos(3) — I.sin(3) I.cos(wt) + I, sin(wt)
I, I,cos(3) + L. sin(3) I, Iycos(wt) — I sin(wt)
I. I.cos(3) — Iysin(f3) I.cos(B3) + L.sin(f3) s

6.3.2 Description of the One-pulse Experiment
The product operator notation shown in Table 6.1 permits the rapid evaluation of the
outcome of NMR experiments. The simple one-pulse experimen’r consisting of a 90° degree
pulse along the x-axis, is evaluated as follows: ~ ; F=(=/2) _1, G L cos(wt) + Tpsin(wt)
The observed signal is obtained in the usual fashion:
Signal(t) = Trace[I pa(t)] = Trace[IT (—I,cos(wt) + I, sin(wt))] = —ie
Figure 6.4. One-pulse expt, representation by the density matrix and product operators
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6.3.3 Evaluation of Composite Pulses
Composite pulses are a series of pulses whose overall effect is to produce a specific flip
angle with reduced sensitivity to non-ideal pulse lengths or rotation angles. For example, a
widely used composite 180 (m) pulse is: 7 N T
Sl = I7ly = 5
The effect of this pulse on magnetization beginning along the z-axis (i.e. po = Iz) is rapidly
obtained as follows: 7 /2, g
z ' y o7ty
Figure 6.5 Excitation profile of 180 composite pulse. The effect of 05)
varying the flip angle of a single 7 pulse (dashed line) and a composite = 1
T pulse on the z-component of the magnetization are shown (solid line). ~  [o
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Now assume that the flip angles are set top < 90, then the final
density matrix after this pulse is:

p = I,[cos®p cos2p - sin?p] - I, [cospsinpcos2p + sinpcosp] + I,[cospsin2p]

=> The composite pulse is capable of inverting the magnetization over a much wider range
of flip angles and is thus less affected by pulse imperfectioni.e. 5z 90°.

= It can be shown that the composite pulse is also less sensitive to these resonance
offset effects and is able to invert the magnetization over a wider frequency range than
a simple 77 pulse.



Chapter 7 SCALAR COUPLING

Scalar couplings arise from spin-spin interactions that occur via bonding electrons.
Consequently, they provide information on the chemical connectivity between atoms.
Therefore, these couplings can be utilized to correlate NMR signals of atoms that are
chemically bonded to one another, providing chemical shift assignments if the molecular
structure is known. In particular, the scalar coupling across the peptide bond permits the
linkage of spins within one amino acid to those of its neighbors.

In addition to providing information on chemical connectivities, the sizes of three
bond scalar couplings are sensitive to the electron distribution of the intervening
bonds, consequently these couplings can provide information on the conformation
of rotatable bonds in proteins.

Scalar, or J-coupling, occurs between nuclei which are connected by chemical bonds.
This coupling causes splitting of the spectral lines for both coupled spins by an amount J, or
the coupling constant. The nomenclature that is used to

describe the coupling is as follows: "J Ap

Wher'e n r‘efer‘S to The number' Of inTervening bonds, dstoupling ofbacidons nuciet (i) (HN-GA) = 4 — 11 Hz depends
and A and B identify the two coupled spins. For example, o e
the coupling constant between the amide nitrogen and . AN A
the Cp carbon would be written as: 2Ty, . The value of @ L*

J is usually given in Hz and is the observed frequency erﬁ\ G))
separation between the split resonance A )\ O

lines of the coupled spins. 60 . O. 1




The effect of J-coupling on the spectrum depends on the frequency separation of the
coupled spins. If the two coupled spins differ greatly in their resonance frequencies (Av >
J), then the system is referred to as an AX system, where the X signifies the fact that the
two chemical shifts are quite different. All coupling between different atom types, or
heteronuclear spins, are AX couplings because of the large difference in the frequencies of
coupled spins. Examples include, Jyy, Jcy, and Jy. AX couplings can be analyzed using a
classical analysis, similar o that depicted in Fig. 7.1. When two coupling spins have nearly
equivalent resonance frequencies (Av < J) then the system is referred fto as an AB system.
For example, the coupling between two Hy, protons on an amino acid is an example of an AB
system. Accurate analysis of AB systems require a detailed quantum mechanical treatment.
Lastly, when the coupled spins have the identical resonance frequencies, the observed
coupling disappears entirely. This is most offen seen when multiple protons have equivalent
environments, such as the three protons on a methyl group.

7.2 Basis of Scalar Coupling: Scalar coupling arises from the interaction of the nuclear
magnetic moment with the electrons involved in the chemical bond. The nuclear spin
polarization of one atom affects the polarization of the surrounding electrons. The electron
polarization subsequently produces a change in the magnetic field that is sensed by the
coupled spin..

Table 7.1. Homonuclear and heteronuclear coupling constants. The values are
approximate; the coupling constants will also be affected by the electronic environment of
the associated spins.

Couplings Involving Heteronuclear (BCor®N) Spins Proton-Proton Couplings
C-N 14 Hz H-C-H -12to-15Hz
C-C 35Hz H-C-C-H 2-14 Hz
H-N 92 Hz H-C=C-H 10 (cis)/17 (trans)
H-C 130 Hz H-N-C-H 1-10 Hz
H-C-C 5 Hz (two bond coupling) (3 Hz a-helix)

(10 Hz [3-strand)




